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Αβστραχτ²7KLV SDSHU SURSRVHV D QRYHO PHWKRG IRU WKH IDVW
GHWHUPLQDWLRQ RI PRPHQW RI LQHUWLD RI SHUPDQHQW PDJQHW
V\QFKURQRXV PDFKLQH 3060 GULYH V\VWHPV ,W LVEDVHGRQ WKH
XVH RI VLQXVRLGDO SHUWXUEDWLRQ VLJQDOV DQG FDQ GHWHUPLQH WKH
FRPELQHG PRPHQW RI LQHUWLD ZLWKLQ RQH VLQXVRLGDO F\FOH RI
SHUWXUEDWLRQZKLOH WKH LQIOXHQFHRIYLVFRXVIULFWLRQ LVHOLPLQDWHG
GXULQJWKHPRGHOLQJSURFHVV,WGRHVQRWQHHGWKHDLGRIFRPSOH[
V\VWHPLGHQWLILFDWLRQDOJRULWKPVDQGWKDQNVWRWKHHOLPLQDWLRQRI
LQIOXHQFH RI YLVFRXV IULFWLRQ WKH SURSRVHG VFKHPH VKRZV KLJKHU
DFFXUDF\ WKDQ WKH FRQYHQWLRQDO PHWKRG ZLWKRXW WDNLQJ LQWR
DFFRXQW )XUWKHUPRUH LWV DFFXUDF\ LV DOVR FRPSHWLWLYH ZLWK WKH
FRQYHQWLRQDO PHWKRG XVLQJ FRPSOH[ V\VWHP LGHQWLILFDWLRQ
DOJRULWKPV IRU H[DPSOH WKH PRGHO UHIHUHQFH DGDSWLYH V\VWHP
05$6%HVLGHV WKHSHUIRUPDQFHRIGHVLJQHG VSHHGUHJXODWRUV
XVLQJ WKH HVWLPDWHGPHFKDQLFDOSDUDPHWHUVDQG WKH LQIOXHQFHRI
PLVPDWFKLQJRIPHFKDQLFDOSDUDPHWHUVDUHDOVRLQYHVWLJDWHG
Ινδεξ Τερmσ²(OHFWULFDO PDFKLQH GULYH PHFKDQLFDO SDUDPHWHU
PRPHQWRILQHUWLDSDUDPHWHUGHWHUPLQDWLRQSHUPDQHQWPDJQHW
V\QFKURQRXVPDFKLQHYLVFRXVIULFWLRQFRHIILFLHQW
, ,1752'8&7,21
DUDPHWHUV RI SHUPDQHQW PDJQHW V\QFKURQRXV PDFKLQH
3060 GULYH V\VWHPV DUH RI JUHDW LPSRUWDQFH IRU WKH
GHVLJQ RI FRQWUROOHUV DQG UHODWHG SDUDPHWHU GHWHUPLQDWLRQ
WHFKQRORJLHV DUH QRZ ZLGHO\ UHSRUWHG >@>@ )RU H[DPSOH
HOHFWULFDOSDUDPHWHUVVXFKDVδθD[LVLQGXFWDQFHVDQGZLQGLQJ
UHVLVWDQFH>@DUHXVXDOO\QHHGHGIRUWKHGHVLJQRIFXUUHQWORRS
SURSRUWLRQDOLQWHJUDO 3, FRQWUROOHUV ZKLOH PHFKDQLFDO
SDUDPHWHUVVXFKDVFRPELQHGPRPHQWRILQHUWLDϑDQGYLVFRXV
IULFWLRQ FRHIILFLHQW Φ DUH TXLWH LPSRUWDQW IRU WKH GHVLJQ RI
VSHHGORRSFRQWUROOHUV>@>@>@>@,QUHDOLW\HOHFWULFDO
SDUDPHWHUV ZLOO QRW YDU\ WRR PXFK DQG WKH GHVLJQHG FXUUHQW
ORRS 3, UHJXODWRUV DUH XVXDOO\ UREXVW WR WKH YDU\LQJ ZRUNLQJ
SRLQWV +RZHYHU PHFKDQLFDO SDUDPHWHUV XVXDOO\ YDU\
VLJQLILFDQWO\ZLWKWKHGLPHQVLRQVDQGWKHVKDSHRIPHFKDQLFDO
ORDGV )RU H[DPSOH LW LV TXLWH QRUPDO LQ VRPH GLUHFWGULYH
DSSOLFDWLRQV WKDW WKH PRPHQW RI LQHUWLD RI PHFKDQLFDO ORDG
VXFK DV WKH ZLQG WXUELQHEODGH WKH ULJLG F\OLQGHURI SULQWLQJ
SUHVVDQGWKHDFWXDWRURIORRPLVXVXDOO\PRUHWKDQWLPHV
ODUJHUWKDQWKDWRI3060URWRU%HVLGHVLQWKRVHDSSOLFDWLRQV

 0DQXVFULSW UHFHLYHG )HE   UHYLVHG -XO\   DFFHSWHG
6HSWHPEHU5HFRPPHQGHGE\'U$UDQ\D&KDNUDERUWW\
./LXLVFXUUHQWO\ZLWKWKH&RQWURO6\VWHPV5HVHDUFKJURXS/RXJKERURXJK
DQGZDVZLWKWKH(OHFWULFDO0DFKLQHVDQG'ULYHV5HVHDUFK*URXS8QLYHUVLW\
RI 6KHIILHOG HPDLO NOLX#OERURDFXN =4 =KX LV ZLWK WKH (OHFWULFDO
0DFKLQHV DQG 'ULYHV 5HVHDUFK *URXS 8QLYHUVLW\ RI 6KHIILHOG 8. HPDLO
=4=KX#VKHIILHOGDFXN
ZLWKJHDUER[HVEHWZHHQWKHPDFKLQHDQGWKHORDGWKHUHIOHFWHG
LQHUWLDRIWKHORDGPD\EHTXLWHKLJK,QWKLVFDVHDPLVPDWFKHG
PDFKLQH PD\QRWEHSRZHUIXO HQRXJK WR HQVXUH WKHG\QDPLF
SHUIRUPDQFHRIWKHGULYHV\VWHP7KHUHIRUHPRVWVHUYRGULYHV
KDYH DQ XSSHU OLPLW WR WKH UDWLR RI ORDG LQHUWLD YHUVXV URWRU
LQHUWLD)RUH[DPSOHWKHXSSHUOLPLWRIWKHUDWLRRIORDGLQHUWLD
YHUVXV URWRU LQHUWLD RI D 3DQDVRQLF 0,1$6 $ 6HULHV VHUYR
GULYH LV  %HVLGHV IRU WKH KLJK IUHTXHQF\ LQMHFWLRQ EDVHG
VHQVRUOHVV FRQWURO RI ORZ VSHHG 3060 >@ >@ WKH
FRUUHODWLRQ EHWZHHQ WKH ORDG LQHUWLD DQG WKH IUHTXHQF\
DPSOLWXGHRILQMHFWHGFXUUHQWDOVRQHHGVWREHFRQVLGHUHGGXULQJ
WKHFRQWUROOHUGHVLJQ>@
7KXVIRUDFRPPHUFLDOGULYHLWLVUHTXLUHGWKDWWKHVRIWZDUH
VKRXOGKDYHWKHDELOLW\WRGHWHUPLQHWKHPHFKDQLFDOSDUDPHWHUV
RI WKH ZKROHGULYH WUDLQ HVSHFLDOO\ WKHFRPELQHG PRPHQWRI
LQHUWLD([LVWLQJPHWKRGVIRUWKHGHWHUPLQDWLRQRIPHFKDQLFDO
SDUDPHWHUV RI GULYH V\VWHPV FDQ EH PDLQO\ FDWHJRUL]HG LQWR
WKUHHW\SHVZKLFKDUHUHYLHZHGDVIROORZV
7KH ILUVW W\SH LV EDVHG RQ WKH DGGLWLRQ RI SHULRGLF
SHUWXUEDWLRQV LQ HOHFWURPDJQHWLF WRUTXH RU URWRU VSHHG E\
ZKLFKWKHWUDQVLHQWWRUTXHGXHWRWKHPRPHQWRILQHUWLDZLOOQRW
EH]HUREXWDIRUZDUGUHYHUVHYDULDEOHZLWKUHVSHFWWRWKHWLPH
>@>@ 7KLV W\SH RI VROXWLRQ LV HDV\ IRU LPSOHPHQWDWLRQ DQG
DOVR ZLGHO\ UHSRUWHG LQ WKH DSSOLFDWLRQ RI GLIIHUHQW PDFKLQHV
VXFKDV'&PDFKLQH>@>@LQGXFWLRQPDFKLQH,0>@>@
DQG3060>@>@7KLV W\SHRIPHWKRGXVXDOO\XVHV V\VWHP
LGHQWLILFDWLRQ DOJRULWKPV VXFK DV PRGHO UHIHUHQFH DGDSWLYH
V\VWHP05$6>@>@>@H[WHQGHG.DOPDQILOWHU>@DQG
UHFXUVLYH OHDVW VTXDUH 5/6 >@ WR RQOLQH RURIIOLQH HVWLPDWH
SDUDPHWHUVIURPPHDVXUHGGDWD
7KHVHFRQGW\SHFDOFXODWHVWKHPRPHQWRILQHUWLDGXULQJWKH
VWDUWXS RI HOHFWULF PDFKLQHV RU WKH VWHS UHVSRQVH RI GULYH
V\VWHPV6LPLODUWRWKDWRIWKHILUVWW\SHWKHWUDQVLHQWWRUTXHGXH
WRWKHPRPHQWRILQHUWLDZLOOQRWEH]HUREXWDFRQVWDQWIRUD
FRQVWDQWDFFHOHUDWLRQRUGHFHOHUDWLRQRUDYDULDEOHWHUPIRUD
YDULDEOHDFFHOHUDWLRQRUGHFHOHUDWLRQ>@>@
7KH WKLUG W\SH XVXDOO\ ZRUNV DW WKH ORDGHG FRQGLWLRQ DQG
UHJDUGVWKHPHFKDQLFDOORDGDVDFRQVWDQWGLVWXUEDQFHWRUTXH>@
>@ >@ >@>@ )RU H[DPSOH LQ >@ V\VWHP LQHUWLD DQG
GLVWXUEDQFHWRUTXHDUHHVWLPDWHGWRDLGWKHVSHHGREVHUYDWLRQRI
DORZVSHHGLQGXFWLRQPDFKLQH,Q>@WKH5/6LVHPSOR\HG
IRUWKHHVWLPDWLRQRIYDULDWLRQVRIWLPHYDU\LQJLQHUWLDDQGORDG
WRUTXHZKLFKDUHWKHQHPSOR\HGWRLPSURYHWKHSHUIRUPDQFHRI
DEDFNVWHSSLQJFRQWUROOHUIRUORZVSHHG3060
,Q WKLV SDSHU D PHWKRG IRU IDVW GHWHUPLQDWLRQ RI WKH
FRPELQHG PRPHQW RI LQHUWLD RI WKH 3060 GULYH V\VWHP LV
SURSRVHG ZKLFK LV EDVHG RQ WKH DGGLWLRQ RI ]HUR PHDQ
)DVW'HWHUPLQDWLRQRI0RPHQWRI,QHUWLDRI
3HUPDQHQW0DJQHW6\QFKURQRXV0DFKLQH
'ULYHVIRU'HVLJQRI6SHHG/RRS5HJXODWRU
.DQ/LXΙΕΕΕ ΜεmβερDQG=4=KXΦελλοωΙΕΕΕ
3
 
VLQXVRLGDOSHUWXUEDWLRQWRWKHGULYHV\VWHP,WFDQHVWLPDWHWKH
FRPELQHG PRPHQW RI LQHUWLD ZLWKLQ RQH VLQXVRLGDO F\FOH RI
SHUWXUEDWLRQ DQG GRHV QRW QHHG WKH DLG RI FRPSOH[ V\VWHP
LGHQWLILFDWLRQDOJRULWKPVZKLOHWKHLQIOXHQFHRIYLVFRXVIULFWLRQ
LV HOLPLQDWHG GXULQJ WKH PRGHOLQJ SURFHVV %HVLGHV D
FRPSDULVRQZLWK WZRFRQYHQWLRQDOPHWKRGV LVFRQGXFWHGDQG
WKH DSSOLFDWLRQ RI HVWLPDWHG PHFKDQLFDO SDUDPHWHUV WR WKH
GHVLJQRIVSHHGORRS3,UHJXODWRULVDOVRLQYHVWLJDWHG
,, &219(17,21$/$1'352326('(67,0$7,216&+(0(6
,Q WKH GULYH FRQWURO WKH 3060 FDQ EH H[SUHVVHG LQ WKH
δθD[LVUHIHUHQFHIUDPHDVIROORZV
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ZKHUH?mΡΛδΛθιδιθ?υδυθπΚεϑΦ?ρΤεDQGΤmDUHURWRU30IOX[OLQNDJHZLQGLQJUHVLVWDQFHδθD[LVLQGXFWDQFHV
δθD[LV FXUUHQWV DQG YROWDJHV HOHFWULFDO DQJXODU VSHHG SROH
SDLU QXPEHU WRUTXH FRQVWDQW FRPELQHG PRPHQW RI LQHUWLD
YLVFRXV IULFWLRQ FRHIILFLHQW PHFKDQLFDO DQJXODU VSHHG
HOHFWURPDJQHWLFWRUTXHDQGGLVWXUEDQFHWRUTXHUHVSHFWLYHO\,Q
 WHUPV VXFK DV Ριδ Ριθ ?m?, Λδ?ιδ DQG ±Λθ?ιθ DQG DUHYROWDJHGURSVGXHWRZLQGLQJUHVLVWDQFH30IOX[OLQNDJHDQG
δθD[LV LQGXFWDQFHV ,W LV QRWHZRUWK\ WKDW WKH θD[LV IOX[
OLQNDJH Λθιθ LV SHUSHQGLFXODU WR WKH δD[LV ZKLOH LWV UHVXOWLQJYROWDJHΛθ?ιθLVLQWKHQHJDWLYHGLUHFWLRQRIδD[LV,QUHDOLW\ΤmFDQEHSURGXFHGE\DQH[FLWHGPDFKLQHDVSULQJ>@JUDYLW\
>@DQGRWKHUH[WHUQDOIRUFHV%HVLGHVLWVKRXOGEHHPSKDVL]HG
WKDW IRU VLPSOLFLW\ WKH SDUDPHWHU Φ LQ WKLV SDSHU FDQ EH
UHJDUGHG DV D OXPSHG SDUDPHWHU UHSUHVHQWLQJ DOO QRQOLQHDU
WHUPVVXFKDVYLVFRXV&RXORPEIULFWLRQFRUHORVVDQGZLQGDJH
HIIHFWV
Α. Χονϖεντιοναλ Σχηεmε1 
,WLVSURSRVHGLQ>@WKDWϑFDQEHGHULYHGE\DQDFFHOHUDWLRQ
RUGHFHOHUDWLRQSURFHVVLIWKHLQIOXHQFHRIΦ?ρFDQEHLJQRUHG$VVKRZQ LQ)LJD WKHRSHQ ORRS WUDQVIHU IXQFWLRQRI WKH
PHFKDQLFDOPRGHORI3060GULYHLVDILUVWRUGHUV\VWHPDQG
WKH JDLQ RI WKH LQSXW VLJQDO LV πΚε 2Q FRQGLWLRQ WKDW WKHLQIOXHQFHRIΦ?ρLVQHJOLJLEOHLWFDQEHVLPSOLILHGWRDQLQWHJUDO
HOHPHQWDQGWKHJDLQRIWKHLQSXWVLJQDOLV  επΚ
ϑ
DVGHSLFWHG
LQ)LJE)RUDGLVFUHWHVDPSOLQJV\VWHPWKHRXWSXWRIDQ
LQWHJUDO HOHPHQW GXULQJ WKH XQLW VWHS UHVSRQVH DW WKH νWK
VDPSOLQJWLPHSRLQWFDQEHH[SUHVVHGDVτ Τ=νΤσLQZKLFKΤσLVWKHVDPSOLQJWLPH7KXVRQFRQGLWLRQWKDWWKHLQIOXHQFHRI Φ?ρFDQEHLJQRUHGϑFDQEHDSSUR[LPDWHO\FDOFXODWHGE\>@
DQGWKLVVFKHPHLVGHVLJQDWHGDV6FKHPHLQWKLVSDSHU
 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)LJ7UDQVIHUIXQFWLRQRIPHFKDQLFDOPRGHORI3060DDQGE7UDQVIHU
IXQFWLRQVWDNLQJLQWRDFFRXQWDQGLJQRULQJLQIOXHQFHRIΦ
Β. Χονϖεντιοναλ Σχηεmε2 
$VGHWDLOHGKHUHLQEHIRUHREVHUYHUVEDVHGPHWKRGVVXFKDV
05$65/6DQG(.)DUHZLGHO\XVHG IRU WKHHVWLPDWLRQRI
PHFKDQLFDOSDUDPHWHUV%\ZD\RIH[DPSOH WKHFRQYHQWLRQDO
05$6REVHUYHULVVHOHFWHGDQGLQWURGXFHGZKLFKLVGHVLJQDWHG
DV6FKHPHLQWKLVSDSHU$VVXPLQJWKDW i ρZ  iϑ DQG iΦ DUHWKH
HVWLPDWHG?ρϑ DQGΦ UHVSHFWLYHO\ WKH05$6REVHUYHUZLOOXVXDOO\EHH[SUHVVHGLQWKHIRUPRI3,FRQWUROOHUV>@>@
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ZKHUH i ρρε Z Z  DQGΠϑΙϑΠΦΙΦϑ0DQGΦ0DUH3,FRQVWDQWVRI05$6REVHUYHUVRIϑDQGΦDQGLQLWLDOYDOXHVRIHVWLPDWHGϑ
DQGΦUHVSHFWLYHO\
Χ. Προποσεδ Μετηοδ (Σχηεmε3) 
,QRUGHUWRHOLPLQDWHWKHLQIOXHQFHRIΦ?ρDQRYHOPHWKRGLVSURSRVHG DQG GHVLJQDWHG DV 6FKHPH $VVXPLQJ WKDW WKH
δθD[LVFXUUHQWVDUHVHWWRιδ DQGιθ ιθπ∗VLQ?ητUHVSHFWLYHO\LQZKLFK?ηDQGιθπ∗DUHWKHIUHTXHQF\DQGDPSOLWXGHRILQMHFWHG
ιθ7KH UHVXOWLQJ?ρ FDQEHH[SUHVVHG DV?ρ ?πVLQ?ητ+? LQZKLFK ?π LV WKH SHDN YDOXH RI ?ρ DQG ? LV WKH SKDVH VKLIWEHWZHHQ ιθ DQG ?ρ 7KXV RQ FRQGLWLRQ WKDW WKH GLVWXUEDQFHWRUTXHLVVHWWR]HURΤm GFDQEHWUDQVIRUPHGWR  VLQ   VLQ  VLQ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FRV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 VLQ  VLQ m θπ η π ηπ ι τ Φ τ\ Z Z Z M    $W WKH WUDQVLHQW RI ]HUR FURVVLQJ τ τ0 RI URWRU VSHHG 
?ρτ τ0 VLQ  π ητZ Z M  DQG FRV  ητZ M   7KXV WKH
WRUTXHFRPSRQHQWRZLQJWRΦ?ρZLOODOVREH]HURDWWKLVWLPHSRLQWτ τ0DQGFDQEHVLPSOLILHGWR
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7KXVϑFDQEHFDOFXODWHGE\
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$VFDQEHVHHQIURPRQO\ιθτ τDQG?π DUHQHHGHGIRUWKHGHULYDWLRQRIϑDQGFRPSDUHGZLWKWKH6FKHPHLWGRHVQRW
QHHG WR GLIIHUHQWLDWH WKH URWRU VSHHG 7KXV WKH SURSRVHG
6FKHPHZLOOEHRI ORZHUFRPSXWDWLRQDOFRVWFRPSDUHGZLWK
WKRVH FRQYHQWLRQDO REVHUYHU DOJRULWKP EDVHG HVWLPDWLRQ
VFKHPHV)RUWKHVDNHRIEHWWHUXQGHUVWDQGLQJWKHIORZFKDUWRI
WKHSURSRVHGGHWHUPLQDWLRQRIϑLVLOOXVWUDWHGLQ)LJ
 
)LJ   )ORZ FKDUW IRU GHWHUPLQDWLRQ RI FRPELQHG PRPHQW RI LQHUWLD E\
6FKHPH
6WHS6HWWKHGLVWXUEDQFHWRUTXHWR]HURΤm 6WHS$GGWKHVLQXVRLGDOSHUWXUEDWLRQVLJQDO ιθ ιθπ∗VLQ?ητ6WHS2QH VLQXVRLGDO F\FOH RI PDFKLQH GDWD VXFK DV URWRU
VSHHGDQGδθD[LVFXUUHQWVZLOOEHUHFRUGHG
6WHS7KH WLPHSRLQWRI]HURFURVVLQJRI URWRUVSHHGZLOOEH
LQGH[HG IURP WKH UHFRUGHG GDWD E\ XVLQJ WKH SURJUDP
LQWURGXFHGLQ$SSHQGL[$E\ZKLFKWKHYDOXHRI ιθτ τFDQEHGLUHFWO\REWDLQHG%HVLGHVWKHYDOXHRI?πFDQEHLQGH[HGE\VKLIWLQJDTXDUWHURIRQHVLQXVRLGDOF\FOH
6WHS:LWKWKHDLGRIREWDLQHG ιθτ τDQG?π WKHFRPELQHGPRPHQWRILQHUWLDFDQEHGHULYHGIURP
6LPLODUO\ DW WKH SHDN YDOXH RI URWRU VSHHG τ τπ
VLQ  η πτZ M  DQG FRV  η πτZ M  ZKLFK\LHOGV
 VLQ    π m θπ η π m θ πΦ π ι τ π ι τ τZ \ Z \    
$VFDQEHVHHQIURPΦDWWKHSHDNYDOXHRIURWRUVSHHG
FDQEHGHULYHGDV
  m θ π
π
π ι τ τ
Φ
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Z
   
+RZHYHUWKHUHVXOWRILVWKHWUDQVLHQWYDOXHRIΦZKLFKLV
RQO\UHODWHGWRWKHWUDQVLHQWURWRUVSHHG,QRUGHUWRREWDLQWKH
H[DFWFRUUHODWLRQEHWZHHQΦDQGURWRUVSHHGDVWHDG\VWDWHWHVW
ZLOOEHSUHIHUUHG>@LQUHDODSSOLFDWLRQV$WWKHVWHDG\VWDWHRI
Τm GLVVLPSOLILHGWR ε ρΤ ΦZ| DQGΦFDQEHREWDLQHGE\
 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Φ
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ZKHUH µmεαν¶ LV WKH PHDQ RSHUDWRU 7KXV WKH YDULDWLRQ RIΦ
ZLWKUHVSHFWWRGLIIHUHQWURWRUVSHHGVFDQEHWKHUHIRUHREWDLQHG
7KHRSHUDWLRQSURFHVVIRUWKHGHWHUPLQDWLRQRIΦZLWKUHVSHFWWR
GLIIHUHQWURWRUVSHHGVFRQVLVWVRIWKUHHVWHSV
6WHS6HWWKHGLVWXUEDQFHWRUTXHWR]HURΤm 6WHS6HWWKHURWRUVSHHGWRGLIIHUHQWYDOXHVUDQJLQJIURPORZ
WRUDWHGURWRUVSHHGV
6WHS$WWKHVWHDG\VWDWHRIHDFKSRLQWRIURWRUVSHHGΦZLOOEH
FDOFXODWHGE\
,Q RUGHU WR HYDOXDWH WKH SHUIRUPDQFH RI WKH SURSRVHG
6FKHPH D FRPSDULVRQ ZLWK WKH RWKHU WZR FRQYHQWLRQDO
VFKHPHV6FKHPHDQG6FKHPHLVFRQGXFWHGLQQH[WVHFWLRQ
,,, (;3(5,0(17$/9$/,'$7,21$1',19(67,*$7,21
7KH SURWRW\SH 3060 WRJHWKHU ZLWK WKH ORDG '& PDFKLQH
DQGGULYHV\VWHPLVGHSLFWHGLQ)LJ7KHGHVLJQSDUDPHWHUV
DUHOLVWHGLQ7DEOH,LQZKLFKWKHPRPHQWRILQHUWLDRIURWRUDQG
FRXSOLQJVDUHFDOFXODWHGE\XVLQJWKHLUPHFKDQLFDOGLPHQVLRQV
DQG PDWHULDO GHQVLW\ %HVLGHV D G63$&(  EDVHG ILHOG
RULHQWHGGULYHLVHPSOR\HGWRIHHGWKH3060DQGWKHVDPSOLQJ
UDWHLVVHWWRN+]7KHEORFNGLDJUDPRIYHFWRUFRQWUROV\VWHP
LVGHSLFWHGLQ)LJE)RUWKHGHWHUPLQDWLRQRIϑ WKHVSHHG
ORRS UHJXODWRU ZLOO EH UHPRYHG E\ VZLWFKLQJ RII Κ DQG WKH
δθD[LV UHIHUHQFH FXUUHQWV ZLOO EH VHWXS E\ VRIWZDUH 7KH
FDOFXODWHGϑ RI URWRURI'& ORDG PDFKLQH LV DERXWî?
NJPDQGWKHRYHUDOOFRPELQHGPRPHQWRILQHUWLDRIWKHZKROH
GULYHV\VWHPLVî?îî?î?îí
§î?NJP,QWKLVSDSHUΤm LIWKH'&ORDGPDFKLQHLV
RSHQFLUFXLWRUWKH'&ORDGPDFKLQHLVUHPRYHG
,QRUGHUWRWHVWWKHDFFXUDF\RIWKHWKUHHPHWKRGVLQWURGXFHG
LQ6HFWLRQ,,WKUHHORDGFRQGLWLRQVZLOOEHLQYHVWLJDWHG
& 7KHUH LVQR PHFKDQLFDO ORDG DQGRQO\ϑ RIEDUH URWRU LV
HVWLPDWHGRUFDOFXODWHG
& 2QHVLGHRIWKHFRXSOLQJLVPRXQWHGRQWKHURWRUVKDIW
& 7KH'&ORDGPDFKLQHLVFRQQHFWHGZLWKWKH3060
Α. Χοmπαρισον βετωεεν Σχηεmε1 ανδ Σχηεmε3 
7KHSHUIRUPDQFHRI6FKHPHLVH[SHULPHQWDOO\LQYHVWLJDWHG
DW&&DQG&UHVSHFWLYHO\DQGWKHUHVXOWVDUHFRPSDUHGLQ
7DEOH ,, )RU VLPSOLFLW\ WKH QRPLQDO YDOXH RI URWRU 30 IOX[
OLQNDJHVKRZQLQ7DEOH,ZLOOEHHPSOR\HGIRUWKHFDOFXODWLRQRI
HOHFWURPDJQHWLF WRUTXHDOWKRXJKLW LVUHSRUWHGLQ>@ WKDW WKH
VDWXUDWLRQ RI PDFKLQH SDUDPHWHUV ZLOO LQIOXHQFH RQ WKH
DFFXUDF\RIHVWLPDWLRQRIPHFKDQLFDOSDUDPHWHUV$QH[DPSOH
RIWKHVWHSUHVSRQVHRI3060URWRUVSHHGLVVKRZQLQ)LJ
DQGDLPLQJ WR DFKLHYH WKH IDVWGHWHUPLQDWLRQRIϑ E\  WKH
GDWDOHQJWKΝ LVHPSOR\HGZKLFKFRUUHVSRQGVWRVRI
VDPSOLQJ $V FDQ EH VHHQ IURP 7DEOH ,, WKH DFFXUDF\ RI
6FKHPHZLOOEHTXLWHORZLIϑLVTXLWHVPDOOIRUH[DPSOHDW
&DQG & 7KLV FDQ EH H[SODLQHG WKDW WKH LQIOXHQFH RI VWDWLF
IULFWLRQ DQG Φ?ρ LV QRW QHJOLJLEOH DW & DQG & ,Q RUGHU WRLQYHVWLJDWH WKHLU LQIOXHQFHV D FRPSDULVRQ EHWZHHQ WKH
VLPXODWHGDQGH[SHULPHQWDOO\PHDVXUHGVWHSUHVSRQVHVRIURWRU
VSHHGV LV QRZ JLYHQ LQ )LJ  ,Q WKH VLPXODWLRQ PRGHO WKH
YDULDWLRQ RI Φ ZLWK UHVSHFW WR ?ρ DW & & DQG & LVDSSUR[LPDWHGE\DOLQHDUIXQFWLRQDVLQWURGXFHGLQ$SSHQGL[%
ZKLOHϑLVVHWWRLWVQRPLQDOYDOXHDVVKRZQLQ7DEOH,:LWKWKH
FDOFXODWHGΦ?ρ αξβ DQGQRPLQDOYDOXHRIϑ WKHVLPXODWHGVWHS UHVSRQVH RI URWRU VSHHGV DW & DQG & UHVSHFWLYHO\ LV
VKRZQ LQ )LJ E ,W LV IRXQG WKDW DW WKH EHJLQQLQJ RI VWHS
UHVSRQVHWKHVORSHRIVLPXODWHGURWRUVSHHGLVUHODWLYHO\KLJKHU
WKDQWKDWRIH[SHULPHQWDOUHVXOWV7KLVFDQEHH[SODLQHGWKDWWKH
HOHFWURPDJQHWLF WRUTXHV DW & DQG & DUH UHODWLYHO\ VPDOO
ιθ $DQG WKH VWDWLF IULFWLRQZLOO VORZGRZQ WKH VSHHGRIVWHS UHVSRQVHZKLFK LVQRW PRGHOHG LQ WKH VLPXODWLRQPRGHO
%HVLGHV GXULQJ WKH VWHS UHVSRQVH DW & ιθ  ZLWK '& ORDGPDFKLQHWKHURWRUVSHHGZLOOEHOLPLWHGWRDURXQGUSPGXH
WRWKHOLPLWRI'&EXVYROWDJHDVVKRZQLQ)LJD6LQFHWKHUH
LV QR OLPLW WR WKH URWRU VSHHG DQG '& EXV YROWDJH LQ WKH
VLPXODWLRQ PRGHO WKH VLPXODWHG URWRU VSHHG ZLOO FRQWLQXH
LQFUHDVLQJHYHQLILWLVKLJKHUWKDQUSP
 
D
E
)LJ0DFKLQHWHVWV\VWHPD3060ORDG'&PDFKLQHDQGG63$&(GULYH
V\VWHPE%ORFNGLDJUDPRIFRQWUROV\VWHP

7$%/(,
'(6,*13$5$0(7(56$1'63(&,),&$7,212)3060
3DUDPHWHUV 9DOXH
5DWHGFXUUHQW $
5DWHGVSHHG USP
'&OLQNYROWDJH 9
1RPLQDOSKDVHUHVLVWDQFH 
1RPLQDO δD[LVLQGXFWDQFHV P+
1RPLQDO θD[LVLQGXFWDQFHV P+
1RPLQDOURWRU30IOX[OLQNDJH P:E
1XPEHURISROHSDLUV 
1RPLQDOPRPHQWRILQHUWLDRIURWRU î?NJP
1RPLQDOYDOXHRIPRPHQWRILQHUWLDRIURWRUFRXSOLQJ î?NJP
0RPHQWRILQHUWLDRIWRUTXHWUDQVGXFHUIURPGDWDVKHHW î?NJP
1XPEHURIOLQHVRIHQFRGHU 
1RWH1RPLQDOYDOXHVDUHPHDVXUHG
)XUWKHUPRUH LW LV IRXQG WKDW DW & WKH VORSH RI WKH
H[SHULPHQWDO UHVXOW LV DOPRVW WKH VDPH DV WKDW RI VLPXODWLRQ
UHVXOW ZKHQ WKH URWRU VSHHG LV EHORZ USP 7KLV FDQ EH
H[SODLQHG WKDW WKHHOHFWURPDJQHWLF WRUTXHDW& LV DOPRVW WHQ
WLPHV ιθ $ DV ODUJH DV WKRVH DW & DQG & DQG WKHFRQWULEXWLRQ RI ϑ WR Τε ZLOO EH UHODWLYHO\ GRPLQDQW FRPSDUHGZLWKWKRVHRIΦ DQGVWDWLFIULFWLRQ7KXVWKHHVWLPDWLRQHUURURI
ϑE\WKH6FKHPHDW&DQG&LVPXFKODUJHUWKDQWKDWDW&
DVVKRZQLQ7DEOH,,,QUHDOLW\WKH6FKHPHFDQEHXVHGIRUWKH
DSSUR[LPDWHGHWHUPLQDWLRQRIϑLIWKHFRQWULEXWLRQVRIΦ?ρ DQGVWDWLFIULFWLRQWRΤεGDUHPXFKVPDOOHUWKDQWKDWRIϑ,QRUGHUWRDFKLHYHDKLJKHUDFFXUDF\WKHLQIOXHQFHRIΦLV
WDNHQLQWRDFFRXQWLQWKH6FKHPHEHLQJFRPSDUHGEHORZ)RU
WKHSURSRVHG6FKHPHRQO\ WKUHHYDOXHVVXFKDV ιθτ0 ιθτπDQG?πDUHQHHGHGIRUWKHFDOFXODWLRQRIϑDQGΦ,QRUGHUWRJHWWKHVDPSOLQJVHTXHQFHQXPEHUFRUUHVSRQGLQJWRWLPHSRLQWVτ0DQG τπ D VHDUFKLQJ SURJUDP LV GHYHORSHG DQG LQWURGXFHG LQ$SSHQGL[$
D
E
)LJ  6WHS UHVSRQVH RI URWRU VSHHG DW GLIIHUHQW ORDG FRQGLWLRQV D DQG E
([SHULPHQWDOO\PHDVXUHGDQGVLPXODWHGVWHSUHVSRQVHVRIURWRUVSHHGV
7DNLQJWKHPHDVXUHGVLJQDOVVKRZQLQ)LJDVDQH[DPSOH
WKH ILUVW ]HUR FURVVLQJ SRLQW RI PHDVXUHG URWRU VSHHG LV DW
τ Τσ τ0DQGWKHVHFRQG]HURFURVVLQJSRLQWLVDWτ Τσ,WLVNQRZQWKDWWKHVDPSOLQJWLPHΤσLVVDQGWKHSHULRGRIιθDQG?ρLVVHWWRV7KXVWKHWLPHOHQJWKRIDTXDUWHURIWKHSHULRGRI ιθDQG?ρ LVΤσ,QWKLVFDVHWKHSHDNRUYDOOH\YDOXHRIURWRUVSHHGLVDWτπ τ0Τσ ΤσDVVKRZQLQ)LJDDQGιθDWτ τ0DQGτ τπFDQEHUHVSHFWLYHO\LQGH[HGDVVKRZQLQ )LJ E &RQVHTXHQWO\ ϑ DQG Φ FDQ EH FDOFXODWHG E\
VXEVWLWXWLQJ?πιθτ0DQGιθτπWRDQGUHVSHFWLYHO\$V PHQWLRQHG LQ VHFWLRQ ,, & WKH 6FKHPH KDV RQH JRRG
IHDWXUH WKDW LQ WKHRU\ LWV GHWHUPLQDWLRQ RI ϑ ZLOO QRW EH
LQIOXHQFHG E\ Φ?ρ LI WKH GHWHFWLRQ RI ]HUR FURVVLQJ RI URWRUVSHHGLVLGHDODVVKRZQLQ+RZHYHULQUHDOLW\WKHVSHHG
PHDVXUHPHQWLVDOZD\VQRWLGHDODQGWKHUHDOURWRUVSHHGDWWKH
GHWHFWHG]HURFURVVLQJSRLQWLVXVXDOO\QRW]HUR&RQVHTXHQWO\
WKH LQIOXHQFH RI Φ?ρ ZLOO EH QRW ]HUR ZKLOH WKH LQIOXHQFH RIVWDWLFIULFWLRQFDQEHUHJDUGHGDV]HURVLQFH?ρ7KXVDVFDQEHVHHQIURP7DEOHV,,,9DVVXPLQJWKDWφLVWKHIUHTXHQF\RI
SHUWXUEDWLRQVLJQDOWKHLQIOXHQFHRIφRQWKHHVWLPDWLRQRIϑLV
GRPLQDQWEHFDXVHWKHDFFXUDF\RIGHWHFWLRQRI]HURFURVVLQJRI
URWRUVSHHGDWDIL[HGVDPSOLQJUDWHN+]ZLOOGHWHULRUDWHLIφ
LV JHWWLQJ WRRKLJK IRUH[DPSOH+] ,Q WKLV FDVH DKLJKHU
SHUWXUEDWLRQWRUTXHFDQEHDJRRGVROXWLRQWRPLWLJDWHWKLVLVVXH
)RU H[DPSOH LQ 7DEOH 9 WKH HVWLPDWLRQ HUURU DW & LV TXLWH
VPDOOXVXDOO\VPDOOHUWKDQFRPSDUHGZLWKWKRVHLQ7DEOH
,,,DQG7DEOH,9LIφ +]RUφ +]7KLVFDQEHH[SODLQHGWKDW
WKHDPSOLWXGHRISHUWXUEDWLRQFXUUHQW LV UHODWLYHO\KLJK $
DQG$DW&DQGWKHWHUP Φ?ρDWWKHGHWHFWHG]HURFURVVLQJSRLQW LV TXLWH VPDOO FRPSDUHG ZLWK WKH WUDQVLHQWΤε 7KXV LQRUGHUWRHQVXUHDKLJKHUUDWLRRIVLJQDOYHUVXVQRLVHφVKRXOGEH
VHWWRφ+]%HVLGHVVLQFHWKHV\VWHPLQHUWLDLVXVXDOO\PXFK
ODUJHUWKDQWKDWRIWKHURWRUWKHORDGFRQGLWLRQ&ZLOOEHPRUH
W\SLFDOLQUHDODSSOLFDWLRQV7KXVWKH6FKHPHFDQDFKLHYHWKH
DFFXUDF\ RI  DW & DQG REWDLQ WKH UHVXOW ZLWKLQ RQH
VLQXVRLGDOF\FOHRISHUWXUEDWLRQφ +]VZKLFKLVDOUHDG\
IDVWHQRXJKIRUUHDODSSOLFDWLRQV
 
D E
F G
)LJ'HWHFWLRQVRI]HURFURVVLQJDQGSHDNYDOXHRISHUWXUEDWLRQVLJQDOVZKLOH
'&ORDGPDFKLQHLVFRQQHFWHGZLWK3060URWRUDDQGE0HDVXUHGURWRU
VSHHGDQGθD[LVFXUUHQWφ +]ZLWKUHVSHFWWRVDPSOLQJVHTXHQFHFDQGG
'HWHFWHG]HURFURVVLQJRIURWRUVSHHGDQGθD[LVFXUUHQW
7$%/(,,
5(68/762)6&+(0(
7HVWV &RPELQHGPRPHQWRILQHUWLDϑ (UURU1RPLQDOYDOXHV &DOFXODWHGUHVXOWV
& î?NJP î?NJP 
& î?NJP î?NJP 
& î?NJP î?NJP 

7$%/(,,,
5(68/762)6&+(0($7&
ιθπ
∗ φ Φ &RPELQHGPRPHQWRILQHUWLDϑ1RPLQDOYDOXHV &DOFXODWHGUHVXOWV (UURU
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 

7$%/(,9
5(68/762)6&+(0($7&
ιθπ
∗ φ Φ &RPELQHGPRPHQWRILQHUWLDϑ1RPLQDOYDOXHV &DOFXODWHGUHVXOWV (UURU
$ +] î? î?NJP î?NJP 
$ += î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 

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ιθπ
∗ φ Φ &RPELQHGPRPHQWRILQHUWLDϑ1RPLQDOYDOXHV &DOFXODWHGUHVXOWV (UURU
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +] î? î?NJP î?NJP 
$ +]  î?NJP î?NJP 
$ +]  î?NJP î?NJP 
%HVLGHVFRPSDUHGZLWKWKHUHVXOWVRI6FKHPHDVVKRZQLQ
7DEOH,,WKHHVWLPDWLRQHUURURI6FKHPHDW&DQG&LVPXFK
VPDOOHUWKDQWKDWRI6FKHPH)RUH[DPSOHWKHHVWLPDWLRQHUURU
RI 6FKHPH LV DURXQG  DW & DQG & ZKLOH WKDW RI
6FKHPHLV ORZHU WKDQ0RUH LPSRUWDQWO\DW WKH W\SLFDO
ORDGFRQGLWLRQ&WKHHVWLPDWLRQHUURURI6FKHPHLVVPDOOHU
WKDQLIφ+]ZKLOHWKDWRI6FKHPHLVODUJHUWKDQ
)LJ(VWLPDWHGPRPHQWRI LQHUWLDRI3060URWRUE\05$6VFKHPH3,
Πϑ Ιϑ ΠΦ ΙΦ 
Β. Χοmπαρισον βετωεεν Σχηεmε2 ανδ Σχηεmε3 
$V LQWURGXFHG LQ VHFWLRQ ,, WKH 6FKHPH DOVR WDNHV LQWR
DFFRXQW WKH LQIOXHQFH RI Φ LQ LWV HVWLPDWLRQ PRGHO ZKLOH WKH
6FKHPHGRHVQRW ,Q WKLVFDVH WKH6FKHPHZLOOEHDEHWWHU
UHIHUHQFH WR WKH SHUIRUPDQFH RI WKH SURSRVHG 6FKHPH ,Q
WKHRU\DJRRG05$6EDVHGHVWLPDWLRQRIϑFDQEHDFKLHYHGLI
WKHHVWLPDWHGWUDQVLHQW i ρZ FDQWUDFNWKHPHDVXUHGWUDQVLHQW?ρ
+RZHYHU DV FDQ EH VHHQ IURP WKH H[SUHVVLRQ RI 05$6
REVHUYHUVDQGWKHVHWXSRI3,FRQVWDQWVRIREVHUYHUVLV
TXLWHLPSRUWDQWWRHQVXUHWKHWUDFNLQJDELOLW\RIDOJRULWKPVLQFH
WKH LQSXW DQG RXWSXW VLJQDOV RI REVHUYHUV DUH LQ WKH IRUP RI
SHULRGLFIRUZDUGUHYHUVHSHUWXUEDWLRQ)LJVDQG7DEOHV9,
9,, DUH H[DPSOHVRI DSSOLFDWLRQV RI05$6 EDVHGϑ REVHUYHU
XVLQJ ILYH GLIIHUHQW VFKHPHV 3,3, RI 3, FRQVWDQWV DQG
SHUWXUEDWLRQVLJQDOV$VFDQEHVHHQIURP)LJLWLVREYLRXV
WKDWZLWK WKHVDPH3,FRQVWDQWV 3, WKHFRQYHUJHQFHVSHHG
DQG ILQDO UHVXOWV RI 05$6 ZLOO EH GLIIHUHQW XQGHU YDULRXV
SHUWXUEDWLRQVFKHPHV
)XUWKHUPRUHIURP)LJLWLVIRXQGWKDWDQLPSURSHUVHWXS
RI3,FRQVWDQWVRI05$6REVHUYHUZLOOUHVXOWLQDGLYHUJHQFHRI
HVWLPDWLRQ7KXVLWLVHVVHQWLDOWKDWWKHVHWXSRI3,FRQVWDQWVRI
05$6REVHUYHUVKRXOGPDWFKWKHSHUWXUEDWLRQVLJQDOSURSHUO\
DQG FRQVHTXHQWO\ WKH WXQLQJ RI 3, FRQVWDQWV EHFRPHV TXLWH
FRPSOH[ DQG XVXDOO\ GHSHQGV RQ WKH H[SHUW H[SHULHQFH 7KH
SURSRVHG6FKHPHGRHVQRWKDYHWKHVHLVVXHVDQGLQWKHRU\LW
FDQREWDLQϑZLWKLQRQHVLQXVRLGDOF\FOHRISHUWXUEDWLRQZKLFK
LVXVXDOO\OHVVWKDQVZKLOHWKH05$6QHHGVPRUHWKDQVDV
VKRZQLQ)LJ7KXVWKH6FKHPHLVIDVWHUWKDQWKHWUDGLWLRQDO
05$6 LQ WKH GHWHUPLQDWLRQ RI ϑ )XUWKHUPRUH IURP WKH
FRPSDULVRQ EHWZHHQ 7DEOHV ,,, DQG 9, ERWK WKH HVWLPDWLRQ
HUURUVRI6FKHPHDQG6FKHPHFDQDFKLHYH WKHDFFXUDF\RI
DWWKHVPDOOORDGFRQGLWLRQ&LIφ+]
%HVLGHV IURP WKHFRPSDULVRQEHWZHHQ7DEOHV ,9DQG9,,
ERWKWKHHVWLPDWLRQHUURUVRI6FKHPHDQG6FKHPHFDQEHOHVV
WKDQ  DW & LI φ+] 7KLV FDQ EH H[SODLQHG WKDW ERWK
PHWKRGV KDYH WDNHQ LQWR DFFRXQW WKH LQIOXHQFH RI Φ DQG DUH
EDVHG RQ WKH VDPH UHIHUHQFHYDULDEOH PRGHO G ZKLOH WKH
PHDVXUHGGDWDDUHRI WKHVDPHUDWLRRI VLJQDOYHUVXVQRLVH LQ
ERWKPHWKRGV
7KXVWKHDFFXUDF\RI6FKHPHLVTXLWHFRPSHWLWLYHWRWKRVH
FRQYHQWLRQDO REVHUYHU DOJRULWKP EDVHG PHWKRGV VXFK DV WKH
05$6 PHWKRG 6FKHPH ZKLOH LW DOVR KDV VXSHULRU
SHUIRUPDQFHVVXFKDVIDVWHULQFDOFXODWLRQORZHUFRPSXWDWLRQDO
FRVWDQGQRQHHGWR WXQHWKHFRQYHUJHQFHVSHHGWRPDWFK WKH
SHUWXUEDWLRQVLJQDO
 
D
E
F
)LJ05$6EDVHGHVWLPDWLRQRIϑDW&D(VWLPDWLRQRIϑZLWKWZRVHWVRI
GLIIHUHQW 3, FRQVWDQWV  E (VWLPDWHG DQG PHDVXUHG ?ρ ZLWK 3, FRQVWDQWV
Πϑ Ιϑ ΠΦ ΙΦ VFKHPH3,F(VWLPDWHGDQGPHDVXUHG
?ρZLWK3,FRQVWDQWVΠϑ Ιϑ ΠΦ ΙΦ VFKHPH3,
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ιθπ
∗ φ 3,VFKHPH &RPELQHGPRPHQWRILQHUWLDϑ1RPLQDOYDOXHV &DOFXODWHGUHVXOWV (UURU
$ +] 3, î?NJP î?NJP 
$ +] 3, î?NJP î?NJP 
$ +] 3, î?NJP î?NJP 
3,VFKHPH3,Πϑ Ιϑ ΠΦ ΙΦ 
7$%/(9,,
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Ιθ
∗ φ 3,VFKHPH &RPELQHGPRPHQWRILQHUWLDϑ1RPLQDOYDOXHV &DOFXODWHGUHVXOWV (UURU
$ +] 3, î?NJP î?NJP 
$ +] 3, î?NJP î?NJP 
$ +] 3, î?NJP î?NJP 
3,VFKHPH3,Πϑ Ιϑ ΠΦ ΙΦ 3,VFKHPH3,Πϑ Ιϑ ΠΦ ΙΦ 3,VFKHPH3,Πϑ Ιϑ ΠΦ ΙΦ 
,9 $33/,&$7,217263(('&21752/
Α. Dεσιγν οφ ΠΙ Χοντρολλερ φορ Σπεεδ Λοοπ 
8QGHUιδ FRQWUROWKHVSHHGORRSRIDILHOGRULHQWHGFRQWUROV\VWHPLVLOOXVWUDWHGLQ)LJLQZKLFKWKHFXUUHQWORRSΧιθVDFWVDVDQLQQHUORRSRIWKHZKROHVSHHGORRS,Q)LJD?ρ
Τ? Κε π?m Κν DQG Κνι Κν?ν DUH UHIHUHQFH VSHHG WLPHFRQVWDQW RI ORZ SDVV ILOWHU IRU PHDVXUHG URWRU VSHHG WRUTXH
D
E
F
)LJ7UDQVIHUIXQFWLRQRIVSHHGORRSRIILHOGRULHQWHGFRQWUROD6SHHGORRS
PRGHOE6LPSOLILHGVSHHGORRSF%RGHGLDJUDPRIVLPSOLILHGVSHHGORRS
FRQVWDQW 3, FRQVWDQWV RI VSHHG UHJXODWRUV 6LQFH WKH WLPH
FRQVWDQWRIFXUUHQW ORRSΤσDQGΤ? DUHXVXDOO\PXFKVPDOOHUWKDQWKDWRIVSHHGORRSDFRQYHQWLRQDOVROXWLRQWRUHGXFHWKH
RUGHURIWKHGULYHV\VWHPPRGHOLVWRFRPELQHWKRVHVPDOOWLPH
FRQVWDQWVWRJHWKHUDQGWKHVLPSOLILHGV\VWHPWUDQVIHUIXQFWLRQ
FDQEHH[SUHVVHGDV)LJE>@$VLQWURGXFHGLQ>@WKH
RSWLPL]HG3,FRQVWDQWVIRUVSHHGORRSFDQEHH[SUHVVHGDV
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WW    ZKHUHΤσυm Τ?ΤσΤδΤιφ LQZKLFKΤδDQGΤιφDUH WKHGHDGWLPH RI 3:0 FRQWURO DQG ORZ SDVV ILOWHU WLPH FRQVWDQW RI
PHDVXUHG δθD[LV FXUUHQWV >@ 7KH YDOXHV RI UHODWHG VPDOO
WLPH FRQVWDQWV DUH VHW WR Τσ î ? V Τ? î ? V
Τδ î?VDQGΤιφ î?VUHVSHFWLYHO\%HVLGHVWKH3,
UHJXODWRUV RI δθD[LV FXUUHQW ORRSV FDQ EH REWDLQHG E\
VXEVWLWXWLQJWKHQRPLQDOYDOXHVRIΛδΛθDQGΡWRDQGUHVSHFWLYHO\>@
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ZKHUH Τσφ  ΤσΤδΤιφ DQG Κπδ Κπθ DQG Κι DUH 3, FRQVWDQWV RI 
δθD[LV FXUUHQW FRQWUROOHUV7KXV WKH GHULYHG 3, FRQVWDQWV RI
δθD[LVFXUUHQWFRQWUROOHUVDUHΚπδ Κπθ DQGΚι 
 
)LJ&DOFXODWHG Φ(?ρ) ZLWKUHVSHFWGLIIHUHQWURWRUVSHHGV
)LJ6WHSUHVSRQVHRIURWRUVSHHGLQIRUZDUGDQGUHYHUVHGLUHFWLRQV
D
E
)LJ3HUIRUPDQFHFRPSDULVRQEHWZHHQGHVLJQHGVSHHGUHJXODWRUVZLWKDQG
ZLWKRXWRQOLQH FDOFXODWLRQRIΦ ιδ  ιθ $ D&RPSDULVRQ DW UHODWLYHO\ORZVSHHGUHJLRQE&RPSDULVRQDWUHODWLYHO\KLJKVSHHGUHJLRQ
)RU WKH GHWHUPLQDWLRQ RI Φ DW GLIIHUHQW URWRU VSHHGV WKH
SURSRUWLRQDOFRQVWDQWRIWKHVSHHGUHJXODWRULVGHULYHGE\
XVLQJ WKHDYHUDJHYDOXHî?NJPRIFDOFXODWHGϑ DW
φ +] DQG +] DV VKRZQ LQ 7DEOH 9 ZKLOH WKH LQWHJUDO
FRQVWDQW LV VHW WR  7KH FXUYH RI FDOFXODWHG Φ E\  LV
GHSLFWHGLQ)LJZKLFKLVWKHQDSSUR[LPDWHGE\Φ?ρ α?ρβDVLQWURGXFHGLQ$SSHQGL[%Φ?ρ α?ρβZLOOEHWKHQXVHGWRDLG WKH RQOLQH GHULYDWLRQ RI WKH LQWHJUDO FRQVWDQW E\  DV
VKRZQLQ)LJE:LWKWKHGHWHUPLQHGϑDQGDYHUDJHYDOXHRI
ΦWKHERGHGLDJUDPRIWKHVLPSOLILHGVSHHGORRSDVVKRZQLQ
)LJ E LV WKHQ GHSLFWHG LQ )LJ F ZKLFK VKRZV WKDW WKH
EDQGZLGWKRIVSHHGORRSDW&LVUDGV
Β. Περφορmανχε Τεστσ οφ Dεσιγνεδ ΠΙ Χοντρολλερσ 
7KHSHUIRUPDQFHRIVSHHG3,UHJXODWRUGHULYHGE\DQG
 LV WKHQ WHVWHG DQG VKRZQ LQ )LJ  LQ ZKLFK WKH
SURSRUWLRQDOFRQVWDQWLVGHULYHGE\XVLQJWKHDYHUDJHYDOXHRI
FDOFXODWHGϑ DQG WKH LQWHJUDOFRQVWDQW LVGHULYHGE\XVLQJ WKH
)LJ  &RPSDULVRQ EHWZHHQ VSHHG UHJXODWRUV XVLQJ SURSRUWLRQDO FRQVWDQWV
GHULYHGZLWKDLGVIURP6FKHPHDQG6FKHPHιδ ιθ $UHVSHFWLYHO\
D E
)LJ'θD[LVFXUUHQWVLQWHVWVVKRZQLQ)LJEιδ ιθ $D6SHHGUHJXODWRU XVLQJ SURSRUWLRQDO FRQVWDQW GHULYHG ZLWK DLGV IURP 6FKHPH E
6SHHGUHJXODWRUXVLQJSURSRUWLRQDOFRQVWDQWGHULYHGZLWKDLGVIURP6FKHPH
UHDOWLPHFDOFXODWHGΦ?ρ α?ρβDVVKRZQLQ)LJE,WLVREYLRXVWKDWWKH3060FDQURWDWHLQWKHIRUZDUGDQGUHYHUVH
GLUHFWLRQV ZLWKTXLWH VPDOO RYHUVKRRW DQG VKRUW VHWWOLQJ WLPH
)LJVKRZVWKHSHUIRUPDQFHFRPSDULVRQEHWZHHQWZRVSHHG
UHJXODWRUVXVLQJ3,FRQVWDQWVGHULYHGZLWKDQGZLWKRXWRQOLQH
FDOFXODWLRQRIΦ?ρ α?ρβ7KHVSHHGUHJXODWRUZLWKRXWRQOLQHFDOFXODWLRQRIΦ?ρXVHVWKHDYHUDJHYDOXHRIFDOFXODWHGΦDVVKRZQLQ)LJWRGHULYHWKHLQWHJUDOFRQVWDQWE\
)URP WKH FRPSDULVRQ UHVXOWV DW UHODWLYHO\ ORZ DQG KLJK
VSHHGV LW LV IRXQG WKDW WKH VSHHG UHJXODWRU ZLWK WKH RQOLQH
FDOFXODWLRQ RIΦ VKRZV EHWWHU SHUIRUPDQFH LQ HOLPLQDWLQJ WKH
VWHDG\VWDWHHUURU7KLVFDQEHH[SODLQHGWKDWVLQFHΦGHFUHDVHV
ZLWKWKHURWRUVSHHGWKHGHULYHGLQWHJUDOFRQVWDQWE\XVLQJWKH
DYHUDJHYDOXHRIΦZLOOEHWRRVPDOODWORZVSHHGUHJLRQZKLOHLW
ZLOOEH WRRELJDWKLJKVSHHGUHJLRQ,Q WKLVFDVH WKHVFKHPH
XVLQJRQOLQHFDOFXODWHGΦ?ρZLWKUHVSHFWWRWKHWUDQVLHQWURWRUVSHHGDVVKRZQLQ)LJEZLOOEHVXSHULRULQLPSURYLQJWKH
SHUIRUPDQFHRIVSHHGUHJXODWRUDWGLIIHUHQWURWRUVSHHGV
)LJV  DQG  DUH WKH SHUIRUPDQFH FRPSDULVRQ EHWZHHQ
WZRVSHHGUHJXODWRUVXVLQJWZRGLIIHUHQWSURSRUWLRQDOFRQVWDQWV
RIZKLFKERWKWKHLQWHJUDOFRQVWDQWVDUHRQOLQHWXQHGZLWKWKH
UHDOWLPHFDOFXODWHGΦZLWKUHVSHFWWRWKHWUDQVLHQWURWRUVSHHG
DVVKRZQLQ)LJE,WLVIRXQGWKDWιθRIERWKWHVWVZLOOUHDFKWKHPD[LPXPOLPLW$LPPHGLDWHO\DWWKHEHJLQQLQJRIVWHS
UHVSRQVHDVVKRZQLQ)LJZKLFKZLOOUHVXOWLQDVLPLODUVWHS
UHVSRQVHRIURWRUVSHHGDVVKRZQLQ)LJ+RZHYHUDWWKH
VWHDG\ VWDWH WKH VSHHG UHJXODWRU XVLQJ WKH FDOFXODWHG ϑ E\
6FKHPHVKRZVEHWWHUG\QDPLFSHUIRUPDQFHLQιθ7KLVFDQEHH[SODLQHGWKDWWKHFDOFXODWHGϑE\6FKHPHLVODUJHUWKDQ
WKDW RI 6FKHPH ZKLFK ZLOO UHVXOW LQ D ELJJHU SHDNWRSHDN
ULSSOHLQWKHθD[LVFXUUHQW
7KXV LW LVFRQILUPHG WKDW WKH LGHQWLILHGϑE\6FKHPHFDQ
DOVR EH HPSOR\HG IRU WKH GHVLJQ RI VSHHG ORRS UHJXODWRU
DOWKRXJKWKHG\QDPLFSHUIRUPDQFHFDQEHIXUWKHULPSURYHGLI
WKH LGHQWLILHG ϑ E\ 6FKHPH LV HPSOR\HG ,Q UHDOLW\ ERWK
PHWKRGVFDQEHJRRGDOWHUQDWLYHVIRUWKHIDVWGHWHUPLQDWLRQRI
ϑ

 
9 &21&/86,21
$ PHWKRG IRU IDVW GHWHUPLQDWLRQ RI FRPELQHG PRPHQW RI
LQHUWLDRI3060GULYHV\VWHP LVSURSRVHG LQ WKLVSDSHU,W LV
EDVHG RQ WKH DGGLWLRQ RI VLQXVRLGDO SHUWXUEDWLRQ WR WKH GULYH
V\VWHPDQGWKHFRPELQHGPRPHQWRILQHUWLDFDQEHDFFXUDWHO\
LGHQWLILHG ZKLOH WKH LQIOXHQFH RI YLVFRXV IULFWLRQ KDV EHHQ
HOLPLQDWHGGXULQJWKHPRGHOLQJSURFHVV,WVDFFXUDF\LVKLJKHU
WKDQWKHFRQYHQWLRQDOPHWKRGZLWKRXWWDNLQJLQWRDFFRXQWWKH
LQIOXHQFH RI YLVFRXV IULFWLRQ DQG LV DOVR FRPSHWLWLYH WR WKH
FRQYHQWLRQDO 05$6 EDVHG REVHUYHU 0RUH LPSRUWDQWO\
FRPSDUHGZLWKWKH05$6WKHSURSRVHGPHWKRGLVVXSHULRULQ
IDVWHU GHWHUPLQDWLRQ HDVLHU LPSOHPHQWDWLRQ DQG ORZHU
FRPSXWDWLRQDO FRVW %HVLGHV WKH DSSOLFDWLRQ RI HVWLPDWHG
PHFKDQLFDOSDUDPHWHUVLQWKHGHVLJQRIVSHHGORRS3,UHJXODWRU
LVDOVRLQYHVWLJDWHGZKLOHDJRRGSHUIRUPDQFHLVDFKLHYHG
$33(1',;$
7KHIDNHFRGHIRU]HURFURVVLQJGHWHFWLRQLVVKRZQEHORZLQ
ZKLFKYDULDEOHVVXFKDVDαταΠολαριτψDQGΖεροΧροσσινγDUH
PHDVXUHG UDZ GDWD VXFK DV ιθ DQG URWRU VSHHG SRODULW\ RIPHDVXUHGGDWDDQGVHTXHQFHQXPEHURI]HURFURVVLQJSRLQWRI
PHDVXUHGUDZGDWDUHVSHFWLYHO\
    ιφ Dατα(ι)>0; 
       Πολαριτψ(ι)=1; 
    ελσε 
        Πολαριτψ(ι)=−1; 
    ενδ 
  ιφ αβσ(Πολαριτψ(ι+1)− Πολαριτψ (ι))>0 
        ΖεροΧροσσινγ(ι)=1; 
    ελσε 
        ΖεροΧροσσινγ(ι)=0; 
ενδ 
$33(1',;%
,QWKLVSDSHUΦ?ρ LVFXUYHILWWHGE\DOLQHDUIXQFWLRQ%
 φ ξ αξ β   %
ZKHUHξLVWKHPHDVXUHGWUDQVLHQW?ρDQGφξLVWKHFDOFXODWHG
Φ?ρ7KHUHDVRQZK\WKHOLQHDUIXQFWLRQ%LVHPSOR\HGDVWKHFXUYHILWIXQFWLRQLVWKDWLWRQO\QHHGVWRPHDVXUHWZRSRLQWV
WRGHULYHWKHYDOXHVRIαDQGβ 
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